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Problem section
1. Description of all bendings (This is a folklore problem communicated by Victor Alexandrov)
Problem. In Euclidean 3-spaceR3, describe all possible bendings (i.e., continuous deformationswhich
preserve intrinsic metrics) of the plane square
{
(x, y) ∈ R2||x| < 1, |y| < 1}.
Remarks. The aim is to describe all bendings by an explicit formula containing a few arbitrary
functions (and/or parameters) similarly to the well-known expression u(t, x) = f (x + t) + f (x − t)
for an arbitrary solution to the one-dimensional wave equation ∂
2u
∂t2
− ∂2u
∂x2
= 0, where f is an arbitrary
function in one variable. Study also (1) bendings of the square which are analytic with respect to a
bendingparameter; (2) bendings of the disk
{
(x, y) ∈ R2|x2+y2 < 1}which are continuous or analytic
with respect to a bending parameter; (3) bendings of a spherical disk
{
(x, y, z) ∈ R3|x2 + y2 + z2 =
1, z ≥ a} for some−1 < a < 1.
2. A knotted cyclic chain of 12 balls (Proposed by H. Maehara)
By a cyclic chain of n balls (or simply an n-cycle), we imply a cyclic sequence of n solid balls inwhich
each consecutive pair of balls is tangent, and no two balls interpenetrate each other. The string of a
cyclic chain is the closed polygonal curve obtained by connecting the centers of each consecutive pair
of balls by a line segment. A cyclic chain is called knotted if its string is knotted. Cyclic chains are linked
if their strings are linked. The ball number of a knot (link) is the minimum number of balls necessary
to make the knot (link) by cyclic chain(s).
The ball number of Hopf link is known [2] to be 8. The ball number of the trefoil lies between 9 and
12. The upper bound 12 is given in [1], and the lower bound 9 is given in [3]. I conjecture that the ball
number of the trefoil is equal to 12.
The following figures show a way to construct a 12-cycle that forms a trefoil using balls of two
different sizes. The figure on the right (a topological top view) shows how to trace the 12 balls to
make a cyclic chain.
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Problem 1. Is this 12-cycle rigid? That is, is it impossible to deform the shape of this cyclic chain
keeping the radii of the balls fixed?
Remark. An (m, n)-link is an m-cycle and n-cycle pair that forms a Hopf link. It is known [2] that
every (3, 6)-link is rigid and every (4, 4)-link is rigid.
Problem 2. Is every knotted 12-cycle rigid?
References
[1] H. Maehara, A. Oshiro, On knotted necklace of pearls, Europ. J. Combin. 20 (1999) 411–420.
[2] H. Maehara, A. Oshiro, On Soddy’s hexlet and a linked 4 pair, in: Lecture Notes in Computer Science
1763, Springer, 2000, pp. 187–193.
[3] H. Maehara, On configuration of solid balls in 3-space – chromatic numbers and knotted cycles,
preprint.
3. Inner geometry of centrally symmetric hypersurfaces (Proposed by A.D. Milka)
Let F be a closed convex centrally symmetric hypersurface in Euclidean, spherical or hyperbolic
space En. For an arbitrary point Z ∈ F , denote its antipodal point by Z∗. Let ρ(X, Y ) stand for the inner
distance between points of F .
Problem 1. For all X, Y ∈ F the inequality ρ(X, Y ) ≤ (ρ(X, X∗)+ ρ(Y , Y ∗))/2 holds true. Moreover,
the equality holds if and only if X = Y ∗.
Problem 2. The diameter of F with respect to the inner distance ρ is attained only for some antipodal
points.
Problem 3. F may be decomposed in n+1 parts, whose diameters with respect to ρ are less then the
diameter of F with respect to ρ.
Remarks. For the case n = 3positive solutions to Problems 1, 2were given in [1]. The proofs are based
on someA.D. Alexandrov’s theoremon convexity conditions. Forn > 3 Problems 1, 2 still remain open.
Problem 3 is an intrinsic analogue of the well-known Borsuk problem. Probably it holds true for an
arbitrary convex hypersurface under some restriction on the dimension. Problem 3 remains open for
n ≥ 3.
Reference
[1] A.D. Milka, An analog of the Borsuk problem, Russ. Math. 36 (5) (1992) 52–57.
4. Rotation of curves (Proposed by A.D. Milka)
Let L be a shortest curve in a convex hyperpolyhedron P in Euclidean or spherical space. Suppose L
meets a hyperedge c in some inner point C . Denote by p and q two segments of L adjacent to the vertex
C . Besides, denote by K the hyperface of P that contains the segment q. Now let us turn K around c
outside of P until the moment when K coincides with the hyperplane of the hyperface containing p.
During this rotation the segment q draws a sector of a right cone. The angle measure of this sector
in the cone will be referred to as the rotation of L at the vertex C . The sum of rotations of L at all its
vertices will be called the rotation of the shortest curve L. This notion may be generalized for shortest
curves and rays in arbitrary convex hypersurfaces. The rotation of a shortest curve is no less than its
variation of rotation in the sense of definitions by Pogorelov and Zalgaller.
Problem 1. The rotation of an arbitrary ray is less than pi .
Problem 2. The rotation of an arbitrary shortest curve is less than 2pi .
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5. Infinitesimally rigid surface (Proposed by A.D. Milka)
In order to construct an infinitesimally rigid surface of rotation, geometers usually apply a method
proposed by Cohn-Vossen. They study some differential equations for Fourier coefficients ψk(r) and
χk(r) of horizontal components of corresponding vector fields which would describe infinitesimal
bendings of the desired non-rigid surface. In [1]weuse amore effectivemethodbased on the following
equation for Fourier coefficients ϕk(r) of the vertical component:
r
d
dr
(u′ϕ′k)− k2u′′ϕk = 0.
This equation allows us to find explicitly the meridian u = u(r) of the desired infinitesimally non-
rigid surface in terms of appropriately chosen functions ϕk = ϕk(r). As an example, we consider the
function ϕk = (rk+ r−k)−1 which determines the meridian of an infinite non-rigid surface of rotation
by the formula
u =
∫ r
0
r
(
rk + r−k
(k+ 1)rk + (k− 1)r−k
)2
dr.
The constructed surface ismapped by a projective transformation to an analytical infinitesimally non-
rigid closed surface of rotation F . This was the first example of such a surface, desired by geometers
for long time. However, some questions are still open.
Problem 1. Find a complete system of bending vector fields for surface F .
Problem 2. Prove that surface F is not flexible in the class of analytical surfaces, i.e., prove that if F
belongs to a (continuous or analytic) family {Ft} of analytic surfaces Ft such that every surface Ft is
isometric to F in the intrinsic metrics then Ft is congruent to F .
Reference
[1] A.D. Milka, On points of a relative non-rigidity of a convex surface of rotation (in Russian), Ukr.
Geom. Sb. 1 65–74 (1965).
6. Disk-homeomorphic flexible polyhedra (Proposed by A.D. Milka)
Connely constructed a simple non-convex non-rigid sphere-homeomorphic polyhedron which
admits a continuous bending in the sense of the classical definition by Cauchy. That example is closely
related to model flexors discovered by A.D. Milka [1]. A model flexor is a rigid polyhedron, whose
physical models admit free continuous bendings without visible distortions, like physical models of
the Connelly polyhedron do.
Problem. Construct a simple non-convex disk-homeomorphic polyhedron with plane boundary,
which admits a continuous flex, in the sense of Cauchy, with the boundary sliding in the plane.
Reference
[1] A.D. Milka, Nonrigid star-like bipyramids of A.D. Alexandrov and S.M. Vladimirova, Sib. Adv. Math.
12 (2) (2002) 56–72.
7. Uniqueness theorems (Proposed by A.D. Milka)
The following two conjectures are generalizations of the uniqueness theorems by Cauchy,
Minkowski, and Pogorelov for convex polyhedra. I observed that the theorems by Cauchy and
Pogorelov are non-equivalent; moreover, the theorems by Cauchy and Minkowski follow from a
wonderful uniqueness theorem formulated in Definition 10 of Volume XI of Euclid’s ‘‘Elements’’.
Besides, the theorem by Pogorelov is proved by himself for the Euclidean and spherical spaces,
whereas a proof for the hyperbolic space was given by me.
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Problem 1. Closed combinatorially equivalent convex polyhedra in Rn are congruent to each other
provided that (a) the areas of the spherical images of their corresponding vertices are equal, (b) the
mean curvatures of their corresponding edges of all dimensions are equal, and (c) the areas of their
corresponding hyperfaces are equal.
Problem 2. Prove that every general closed convex hypersurface is uniquely determined by its inner
metric.
Remark. Problem 1 remains open even for the case n = 3. A positive answer to Problem 2 for the
case n = 3 was given by Pogorelov [1].
Reference
[1] A.V. Pogorelov, Extrinsic Geometry of Convex Surfaces, AMS, Providence, RI, 1973.
8. How to fix a polyhedron (Proposed by I.Kh. Sabitov)
In the problem of isometric realization of polyhedral metrics given as a natural simplicial
development of a polyhedron (or so-called edge unfolding of a polyhedron) we have to solve the
following system of equations for the coordinates of n vertices of a searched polyhedron:
(xi − xj)2 + (yi − yj)2 + (zi − zj)2 = l2ij, (1)
where (i, j) ∈ E (the set of edges), and lij ≥ 0 is a known length of the edge with vertices numbered
by i and j, 1 ≤ i, j ≤ n. The number of equations in system (1) is equal to the number e of edges of the
polyhedron. Solutions (x1, . . . , zn) of (1) determine isometric polyhedra, but among them there are
thosewhich are congruent. In order to avoid these ‘‘parasitic’’ solutions, ordinarily one uses thewords
‘‘we have to factorise the set of solutions relatively to the group ofmotions inR3’’, but howdoes one do
this? So it is desirable to replace the ‘‘virtual’’ operation of factorisation by some additional equations
to coordinates of vertices which would automatically give the disappearance of congruent polyhedra
obtained one from other by a continuous motion. For motions presented by parallel translations this
is easy to do. It is enough to require that the coordinates of vertices satisfy the equations
x1 + · · · + xn = 0, y1 + · · · + yn = 0, z1 + · · · + zn = 0. (2)
Then any two solutions of the system (1)+(2) sufficiently close to each other cannot be connected by
a continuous family of parallel translation. For the forbidding of continuous rotations one can propose
the following equations:
n∑
i=1
xiyi = 0,
n∑
i=1
xizi = 0,
n∑
i=1
yizi = 0; (3)
that is, choose the principal axes of the set of vertices as coordinate axes. But in the case when at least
one of equations
n∑
i=1
x2i =
n∑
i=1
y2i ,
n∑
i=1
x2i =
n∑
i=1
z2i ,
n∑
i=1
y2i =
n∑
i=1
z2i
is satisfied, the correspondingpolyhedra admit continuous rotations, so the Eqs. (3) are not convenable
for the fixation of all possible solutions of the system (1)+(2). One can propose to fix a face say, if there
is the face with the vertices (x1, y1, z1), (x2, y2, z2), (x3, y3, z3), to choose the system of coordinates
in such a manner that one would have x1 = y1 = z1 = 0, x2 = l12, y2 = 0, z2 = 0, y3 > 0, z3 = 0,
but this choice is convenable only in the case when this face is not degenerated to a line segment;
otherwise, we have to fix another face. So the problem is to find three equations,
Φ1(x1, . . . , zn) = 0, Φ2(x1, . . . , zn) = 0, Φ3(x1, . . . , zn) = 0, (4)
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such that there is a rotation underwhich the components of solution of the system (1)+(2) satisfy Eqs.
(4) and any solution of (1)+(2)+(4) sufficiently close to the considered solution cannot be obtained
from this one by a continuous rotation independently of the choice of numeration of vertices and for any
admissible values of lij ≥ 0 (a set of values of lij is called admissible if the system (1)+(2) has at least one
solution). If one succeeds in finding such a system of Eqs. (4) then any two sufficiently close solutions
of the system (1)+(2)+(3) give two polyhedra which are non-trivially continuously bendable one on
the other.
Remark. For n-gons on the plane one can forbid the continuous rotations by imposing the condition
n∑
i=1
(xiyi)2i−1 = 0,
which was proposed by A.V. Astrelin.
The algebraic sense of possibility to find such a system of Eqs. (4) is as follows: in R3n-space one
can find three algebraic surfaces (4) which have a discrete common intersectionwith the orbits of any
point M(x1, . . . , zn) ∈ R3 under the action of the group O+(3) (Eqs. (2) give us three surfaces with
such a property for the orbits under the action of the group of translations in R3).
Evidently this problem may be formulated for polyhedra in any multidimensional space, and not
obligatorily for the vertices of a polyhedron but also for the fixation of positions of any given finite
number of points with constant distances between the points.
9. Canonical volume polynomial for polyhedra of higher topological type (Proposed by I.Kh.
Sabitov)
It is known that for polyhedra of any topological type and with triangle faces there is a polynomial
equation
Q (l, V ) = V 2N + a1(l)V 2N−2 + · · · + aN(l) = 0,
where coefficients ai are polynomials in squares of lengths l of edges with some rational coefficients
depending only on the combinatorial structure of the considered polyhedron, such that the volume
of the polyhedron is a root of this equation. In [1] a method of construction of such a polyhedron is
proposed, but this method gives a polynomial of a very big degree. In [2], for any polyhedron of genus
g = 0, there is proven the existence of a so-called canonical volume polynomial (which has a least
degree by definition), together with its unicity and a method to find it.
Problem. For polyhedra of arbitrary topological type, prove that such a canonical volume polynomial
does exist and is unique.
References
[1] I.Kh. Sabitov, The volume as a metric invariant of polyhedra, Discr. Comput. Geom. 20 (4) (1998)
405–425.
[2] A.V. Astrelin, I.Kh. Sabitov, A canonical polynomial for the volume of a polyhedron, Russian Math.
Surveys 54 (1999) 430–431.
10. The volume formula for polyhedra with the minimal triangulation (Proposed by I.Kh.
Sabitov)
It is known that for any topological genus g of simplicial polyhedra there is a triangulation with
the minimal number nmin(g) of vertices. This number is given by the following formula:
nmin =
]
7+√1+ 48g
2
[
, ∀g ∈ {0} ∩ N \ {2}
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(where ]a[ denotes the minimal integer number not less than a; for g = 2 one has nmin(2) = 10).
In the case of a sphere (g = 0) and of a torus (g = 1) for the volume of corresponding polyhedron
there is an exact formula as a function of lengths of edges (in reality in the case of a torus there are
120 triangulations with 7 vertices so there are 120 formulas for the volume). The problem is to find
the canonical polynomial (that is of a minimal degree) for the volume of such polyhedra of any genus
g > 1. In particular, whenwill the volume be given by an exact formula of the form V 2 = f (lengths2)?
(This is trivially true for polyhedra without diagonals which occur for all g = m(m+ 1)/12 ∈ N.)
11. Flexible polyhedra with variable small diagonals (Proposed by I.Kh. Sabitov)
A small diagonal is one joining the vertices of two faces with a common edge. It determines the
dihedral angle between these two faces. In all known examples of flexible polyhedra there is at least
one small diagonal whose length remains constant during the flex.
Problem. Prove that the same holds true for all flexible polyhedra or construct a flexible polyhedron
such that all its small diagonals change their lengths during the flex.
12. Flexible non-orientable polyhedra (Proposed by I.Kh. Sabitov)
Problem. Construct a flexible non-orientable polyhedron with as small as possible number of
vertices.
13. Other flexible polyhedra (Proposed by I.Kh. Sabitov)
Problem. Can one construct a flexible polyhedron different from that of Steffen using other types of
Bricard octahedra?
14. The Stoker problem (Proposed by J.-M. Schlenker)
Let P be a convex polyhedron in the hyperbolic three-dimensional space H3.
Problem 1. Is P uniquely determined by its combinatorics and by its dihedral angles?
Problem 2. Does the infinitesimal version of Problem 1 hold true, i.e., does any non-trivial first-order
deformation of P change some of its dihedral angles?
Remarks. This is the (simpler) hyperbolic version of a question asked by Stoker [1] for Euclidean
polyhedra. For Euclidean polyhedra there are (usually) some non-trivial deformations which do not
change the dihedral angles: the parallel translations of some of its faces. So the Euclidean question
is as follows: given a convex Euclidean polyhedron, do its dihedral angles (and its combinatorics)
determine the interior angles of its faces? There is an obvious infinitesimal version of this question.
Reference
[1] J.J. Stoker, Geometrical problems concerning polyhedra in the large, Comm. Pure Appl. Math. 21
(1968) 119–168.
15. Rigidity of polyhedra in Euclidean 3-space (Proposed by J.-M. Schlenker)
Let E be a finite set of points in R3; we say that E is convex if all the points of E are contained in the
boundary of the convex hull of E.
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Problem. Let P be a (non-convex) polyhedron in R3, which can be cut into convex polyhedra without
adding a vertex. Suppose that the set of vertices of P is convex. Is P infinitesimally rigid?
Remarks. It is proved in [1] that P is infinitesimally rigid under a stronger hypothesis: it can be cut
into convex polyhedrawithout adding a vertex, and there exists an ellipsoidwhich intersects all edges
of P but contains none of its vertices.
Reference
[1] J.-M. Schlenker, A rigidity criterion for non-convex polyhedra, Discr. Comput. Geom. 33 (2) (2005)
207–221. math.DG/0301333.
16. Hyperbolic manifolds with polyhedral boundary (Proposed by J.-M. Schlenker)
Let M be a compact three-dimensional manifold with boundary. We are interested in hyperbolic
metrics onM for which the boundary is convex and ‘polyhedral’, i.e. locally like a compact polyhedron
in H3. The induced metric on the boundary is then a hyperbolic metric with conical singularities, and
the angle at the conical singularities is less than 2pi .
Problem. Given such a hyperbolic metric on M , is it uniquely determined by the induced metric on
the boundary?
Remarks. We could also ask whether any hyperbolic metric on ∂M with conical singularities, with
angle less than 2pi at the cone points, can be obtained as the induced metric for some hyperbolic
metric on M . Presumably it is necessary, for such an existence result, to allow hyperbolic metrics on
M for which ∂M is slightly more complicated than simply ‘polyhedral’, including some parts where it
looks like the convex core of a hyperbolic manifold. There are positive answers when one considers
hyperbolic metrics onM for which the boundary is smooth and strictly convex; see [1,2].
References
[1] F. Labourie, Métriques prescrites sur le bord des variétés hyperboliques de dimension 3, J.
Differential Geom. 35 (1992) 609–626.
[2] J.-M. Schlenker,Hyperbolicmanifoldswith convex boundary, InventionesMath. 163 (2006) 109–169.
17. Rigidity of graphs (Proposed by B. and H. Servatius)
Tutte [3] calls a matroid on the ground set E n-connected, if for any positive integer k < n there is
no partition of E into two sets E1 and E2 such that |Ei| ≥ k and ρ(E1) + ρ(E2) ≤ ρ(E) + k − 1. With
this definition, every matroid is 1-connected. If the cycle matroid C(G) of a graph G is 3-connected,
then C(G) uniquely determines G up to isolated vertices, [4]. Note that C(G) does not directly carry
any information about the vertex set of G, but for any given vertex v the set of edges with endpoint
v corresponds to a co-cycle of C(G) provided G is 2-connected. The vertex set can be recovered from
these vertex co-cycles. The cycle matroid of a graph may be considered the one-dimensional generic
rigidity matroid. For the two-dimensional generic rigidity matroid the vertices of the graph may also
be described by special co-cycles, see [2], and we may ask under what connectivity requirements on
the matroid is the graph G uniquely determined by the matroid information.
Problem 1. Let G be a graph andR(G) its d-dimensional generic rigidity matroid. Is there a constant
kd such that G is uniquely determined byR(G) provided thatR(G) is kd-connected?
We conjecture that k2 = 3.
Remarks. Recently it was shown, see [1], that random 4-regular graphs are asymptotically almost
surely globally rigid in the plane. A random 4-regular graph is also asymptotically almost surely the
edge disjoint union of two Hamiltonian cycles.
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Fig. 1. Two embeddings of K 23 .
In Fig. 1 we have the union of two Hamiltonian cycles embedded such that one of the cycles is a
regular n-gon; however, the same graph can also be realized as a unit distance graph, i.e. with all edges
of the same length. Observe that as a unit distance graph this generically globally rigid graph is in fact
a mechanism, but, since the graph has diameter 2, the motion is not large, in the sense that no pair of
vertices moves very far apart.
An easy consequence of the considerations in [1] is the fact that a 4-regular rigid graphG can be also
considered Hamiltonian in the rigidity sense, namely R(G) possesses asymptotically almost surely a
circuit C inducing all vertices of G, and for the rigidity results 4-regularity may be relaxed.
Problem 2. Let G be a globally rigid graph in the plane on n vertices and of maximal valence 4. What
is the probability that G is a unit distance graph? Does such a unit distance graph always have internal
degrees of freedom? If G is not with large probability a unit distance graph, can one at least show the
existence of a constant bounding the ratio of longest to shortest edge length in some realization of G?
References
[1] B. Jackson, B. Servatius, H. Servatius, The 2-dimensional rigidity of certain families of graphs, J.
Graph Theory 54 (2007) 154–166.
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[4] D.J.A. Welsh, Matroid Theory, Academic Press, London, 1976. (L.M.S. Monographs, 8).
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